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Abstract
We consider the nonlinear Sturm–Liouville differential operator FðuÞ ¼ u00 þ f ðuÞ for
uAH2Dð½0; pÞ; a Sobolev space of functions satisfying Dirichlet boundary conditions. For a
generic nonlinearity f :R-R we show that there is a diffeomorphism in the domain of F
converting the critical set C of F into a union of isolated parallel hyperplanes. For the proof,
we show that the homotopy groups of connected components of C are trivial and prove results
which permit to replace homotopy equivalences of systems of inﬁnite-dimensional Hilbert
manifolds by diffeomorphisms.
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1. Introduction
Consider the nonlinear Sturm–Liouville problem
u00ðtÞ þ f ðuðtÞÞ ¼ gðtÞ; uð0Þ ¼ uðpÞ ¼ 0
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and for any smooth nonlinearity f : R-R denote by F the differential operator
F : H2Dð½0; pÞ-L2ð½0; pÞ;
u/ u00 þ f ðuÞ:
Here H2Dð½0; pÞ is the Sobolev space of functions uðtÞ with square integrable second
derivatives which satisfy Dirichlet boundary conditions uð0Þ ¼ uðpÞ ¼ 0 and
L2ð½0; pÞ is the usual Hilbert space of square integrable functions in ½0; p: We are
interested in the critical set C of F ;
C ¼ fuAH2Dð½0; pÞ j DFðuÞ has 0 as an eigenvalueg:
Here DFðuÞ : H2Dð½0; pÞCL2ð½0; pÞ-L2ð½0; pÞ is the Fredholm linear operator
DFðuÞv ¼ v00 þ f 0ðuÞv of index 0. Let S ¼ fmAZ j m > 0;m2Af 0ðRÞg: Our main
result about C is the following.
Theorem 1. For tame nonlinearities f (to be defined below), C is the disjoint union of
connected components Cm; mAS; where each Cm is a smooth contractible hypersurface
in H2Dð½0; pÞ: Furthermore, there is a diffeomorphism of H2Dð½0; pÞ to itself taking C to
a union of parallel hyperplanes.
In the proof of this theorem we shall make use of two results concerning the
topology of inﬁnite-dimensional manifolds, Theorem 2 (proved in Section 2) and
Theorem 3 (in Section 3). The topological theorems are described in a generality
which is greater than needed in this paper, since we believe that the results are of
independent interest.
Theorem 2. Let X and Y be separable Banach spaces. Suppose i : Y-X is a bounded,
injective linear map with dense image and MCX a smooth, closed submanifold of finite
codimension. Then N ¼ i1ðMÞ is a smooth closed submanifold of Y ; and the
restrictions i : Y \N-X \M and i : ðY ;NÞ-ðX ;MÞ are homotopy equivalences.
Our second topological result concerns H-manifolds, i.e., manifolds modeled on
the separable inﬁnite-dimensional Hilbert space H:
Theorem 3. Suppose f : ðV1; @V1Þ-ðV2; @V2Þ is a smooth homotopy equivalence of H-
manifolds with boundary, K2CV2\@V2 a closed submanifold of finite codimension and
K1 ¼ f 1ðK2Þ: Suppose also that f is transversal to K2 and the maps f : K1-K2 and
f : V1\K1-V2\K2 are homotopy equivalences. Then there exists a diffeomorphism
h : ðV1; @V1;K1Þ-ðV2; @V2;K2Þ; which is homotopic to f as maps of triples.
We are able to extend this theorem to a class of Banach spaces which
unfortunately does not contain CrDð½0; pÞ: We thus cannot obtain a version of
Theorem 1 for such domains of F :
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We now sketch the main steps in the proof of Theorem 1. Let f :R-R be a
smooth function: we call f appropriate if either f 00ð0Þa0 or the two conditions below
hold:
(a) the roots of f 00 are isolated,
(b) f 0ð0Þ is not of the form m2; mAZ:
We call an appropriate function f :R-R tame iff f 00ðxÞa0 whenever f 0ðxÞ is of the
form m2 for some integer m: Notice that tame functions are generic. In Section 4
we introduce a smooth functional o : H2D-R; for tame f ; S consists of regular
values of o and C is the union of the nonempty smooth H-manifolds Cm ¼
o1ðfmgÞ: Theorem 1 follows from Theorem 3 once we prove that each Cm is
contractible. As any H-manifold is an ANR, this fact is asserted by the following
technical result, which is the core of Section 4.
Proposition 1.1. If f is tame and Cm is nonempty, then Cm is path-connected and its
homotopy groups pkðCmÞ are all trivial.
To prove this proposition, we observe that the functional o smoothly extends to
*o :C0Dð½0; pÞ-R (Lemma 4.1). Theorem 2 then shows that the inclusion i : H2D-C0D
induces a homotopy equivalence between the levels CmCH2D and the levels C˜m ¼
*o1ðmpÞCC0D; mAS; and we are left with showing that the manifolds C˜m are path
connected and have trivial homotopy groups: this is simpler than the similar task for
CmCH2D; since we only have to control the continuity of the homotopy of spheres to
a point with respect to the weaker C0 norm.
We refer to the geometric and topological study of the set of solutions of FðuÞ ¼ g
(for varying g) as the geometric approach. A pioneering example of the geometric
approach applied to PDEs is the work of Ambrosetti and Prodi on the Laplacian on
a bounded open set OCRn with Dirichlet conditions [1],
FAPðuÞ ¼ Du þ f ðuÞ; uj@O ¼ 0:
In the Ambrosetti–Prodi scenario, the hypotheses on the nonlinearity are such
that the critical set is diffeomorphic to a hyperplane. Subsequent work [2]
then established that FAP is a global fold. Theorem 1 above is the n ¼ 1 case
of Ambrosetti–Prodi but now we consider more general nonlinearities f : For
convex f ; Theorem 1 was proved [3,12] by showing that each connected
component of C is the graph of a continuous function from Hsin to R; where
Hsin is the hyperplane of functions in H
2
Dð½0; pÞ orthogonal to sinðtÞ: This result,
applied to the nonlinearity f ðuÞ ¼ u2=2; yields the following rather standard (but not
trivial) fact in spectral theory: the set of potentials uAH2Dð½0; pÞ for which the
operator
vAH2ð½0; pÞ/ v00 þ uvAL2ð½0; pÞ
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has 0 as its nth eigenvalue is a topological hyperplane. For more general
nonlinearities, however, we were not able to make spectral theory work for us.
Our hypotheses do not demand that the nonlinearity f have a prescribed asymptotic
behavior at inﬁnity.
A more elementary version of this approach has been exploited in [11] to show
that the critical set of the operator
F1 :H
1ðS1Þ-L2ðS1Þ;
u/ u0 þ f ðuÞ
is either empty or a hyperplane. In this case, the critical set is the zero level of a
Nemytskii operator,
j : H1ðS1Þ-R;
u/
R
S1
f 0ðuÞ
whose contractibility was shown [10] by means of ergodic-like arguments, robust
enough to admit extensions to functionals from spaces of functions acting in
domains in higher dimensions and taking values on Rn: To show contractibility of
the connected components Cm of F ; however, we recur constantly to Sturm
oscillation, and this is the main reason why our proof does not appear to extend to
operators on functions in many variables. Notice that Lemma 5.3 in [11] is a
corollary of our Theorem 3.
In order to provide global geometric information about the operator F1; Malta
et al. [11] considered the stratiﬁcation of the critical set into Morin singularities of
different types. Generically, the singularities of F are also of Morin type, but we do
not explore the matter further in this paper.
2. Homotopy equivalence
The aim of this section is to prove Theorem 2. As in the statement of the theorem,
X and Y are separable Banach spaces, i : Y-X is an injective bounded linear map
with dense image and MCX is a closed smooth submanifold of ﬁnite codimension k:
Let P be a compact smooth manifold with boundary of dimension r þ k; P has a
ﬁxed but arbitrary Riemannian metric.
Deﬁnition 2.1. The smooth function f : P-X is called a smooth M-proper embedding
if f is a smooth embedding, f ð@PÞ-M ¼ | and f is transversal to M:
The set Q ¼ f 1ðMÞ is a smooth compact manifold (with no boundary) of
dimension r:
Lemma 2.2. If f : P-X is a smooth M-proper embedding then there exists e > 0 such
that any smooth map g :P-X with jjf  gjjC1oe is a smooth M-proper embedding.
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For this e; if jjf  gjjC1oe then Qg ¼ g1ðMÞ is diffeomorphic to Q and there exists a
smooth embedding y : Q-P homotopic to the inclusion QCP and such yðQÞ ¼ Qg:
Moreover, if SCP is a compact submanifold and f jS ¼ gjS then y can be chosen to be
the identity on S-Q and the homotopy to be relative to S-Q:
Notice that the lemma also holds if Q ¼ |:
Proof. The existence of e follows from the fact that all of the following properties are
open in f in the C1 topology: being an embedding, f ð@PÞ-M ¼ | and f is
transversal to M: Let gt : P-X be deﬁned by gtðpÞ ¼ ð1 tÞf ðpÞ þ tgðpÞ; clearly
g0 ¼ f and g1 ¼ g and by the previous remark gt is a smooth M-proper embedding
for all tA½0; 1: Let G : P  ½0; 1-X  ½0; 1 be Gðp; tÞ ¼ ðgtðpÞ; tÞ and let
Q˜ ¼ G1ðM  ½0; 1Þ: Q˜ is a compact manifold with two boundary components,
Q  f0g and Qg  f1g: The function p : Q˜-½0; 1 deﬁned by pðp; tÞ ¼ t is a
submersion. Notice that ðS-QÞ  ½0; 1DQ˜: Construct on Q˜ a tangent vector ﬁeld a
such that aðp; tÞ ¼ ð0; 1Þ for pAS-Q and Dpðp; tÞ  aðp; tÞ ¼ 1 for all ðp; tÞAQ˜ (it is
easy to construct such a vector ﬁeld a in a neighborhood of a point ðp; tÞ; use
partitions of unity to deﬁne it on all Q˜). Integrating this vector ﬁeld yields y and the
desired homotopy. &
Let X ; Y and i : Y-X be as above and let P be a compact manifold with
boundary. Let C1ðP;X Þ (resp. C1ðP;YÞ) be the metric space of C1 functions from P
to X (resp. Y ) with the C1 metric. Similarly, let C1c ðRk;XÞ (resp. C1c ðRk;YÞ) be the
normed vector spaces of C1 functions from Rk to X (resp. Y ) with compact support
with the C1 norm. Deﬁne in : C1ðP;Y Þ-C1ðP;XÞ and in : C1c ðRk;YÞ-C1c ðRk;X Þ by
composition.
Lemma 2.3. The images of in : C1ðP;YÞ-C1ðP;XÞ and in : C1c ðRk;Y Þ-C1c ðRk;XÞ
are dense in C1ðP;X Þ and C1c ðRk;XÞ; respectively.
Proof. We ﬁrst prove the lemma for Rk by induction on k (the case k ¼ 0 is trivial).
Let f :Rkþ1-X be a C1 function with compact support and e > 0 a real number.
We may assume, without loss of generality, that f is smooth (take a convolution
with a smooth bump) and that the support of f is contained in ð0; 1Þkþ1: We
want to construct f˜ : Rkþ1-Y such that dC1ðf ; i 3 f˜Þoe and such that the
support of f˜ is also contained in ð0; 1Þkþ1: Take d ¼ 1=N > 0 such that if
v; v0ARkþ1; dðv; v0Þod; then f and all partial derivatives of f of order 1 or 2 differ
by at most e=16 between v and v0: Assume furthermore that the support of f is
contained in ðd; 1 dÞkþ1: Let g ¼ @f =@xkþ1 and consider the functions
g0; g1;y; gN :Rk-X deﬁned by
gjðx1; x2;y; xkÞ ¼ gðx1; x2;y; xk; j=NÞ;
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notice that g0 ¼ g1 ¼ gN1 ¼ gN ¼ 0: By induction hypothesis, we may pick
*g0;y; *gN :Rk-Y with dC1ðgj; i 3 *gjÞoe=16 and with supports contained in ð0; 1Þk;
take *g0 ¼ *g1 ¼ *gN1 ¼ *gN ¼ 0: Now deﬁne *g : Rkþ1-Y by
*gðx1; x2;y; xk; j=NÞ ¼ *gjðx1; x2;y; xkÞ
and by afﬁne interpolation for other values of xkþ1: Clearly, the distances
dC0ðg; i 3 *gÞ; dC0ð@g=@x1; i 3 @ *g=@x1Þ;y; dC0ð@g=@xk; i 3 @ *g=@xkÞ are all smaller than
e=4: Therefore, the function h˜ :Rn-Y deﬁned by h˜ðx1;y; xnÞ ¼
R 1
0
*gðx1;y; xk; tÞ dt
satisﬁes dC1ðh; 0Þoe=4: Let f :R-R be a smooth nonnegative function with support
contained in ð0; 1Þ; integral equal to 1 and dC1ðf; 0Þo3: Then the function
f˜ðx1;y; xk; xkþ1Þ ¼
Z xkþ1
0
ð *gðx1;y; xk; tÞ  fðtÞh˜ðx1;y; xkÞÞ dt
satisﬁes all the requirements.
We now prove the lemma for a compact manifold P: Take a ﬁnite open cover
of P by disks and a corresponding smooth partition of unity. In order to
approximate f it sufﬁces to approximate each product of f by a function
in the partition of unity, provided the support of the approximation is still
contained in the corresponding open set. But that is precisely what we did in the
previous case. &
Let M be a submanifold of ﬁnite co-dimension k of a separable Banach space X : A
closed tubular neighborhood of M is a 0-codimensional smooth embedding
f : DðxÞ-X ; where DðxÞ is the closed unit disk bundle of a smooth Rk-bundle
over M so that
(1) f restricted to the 0-section is the inclusion M+X ;
(2) fðD0ðxÞÞ is an open subset of X ;
(3) fðDðxÞÞ is a closed subset of X :
Here, D0ðxÞ is the open unit disk bundle. Clearly, fð@DðxÞÞ is a codimension 1
smooth submanifold of X : It is a well known fact ([9] or [7]) that ﬁnite-
codimensional Banach submanifolds of a separable Banach space admit closed
tubular neighborhoods.
Proof of Theorem 2. It sufﬁces to prove the two following facts. Let S and Q
be compact manifolds with no boundary. If i0 : S-Q; i1 : S-Y \N (resp. i1 : S-N)
and i2 :Q-X \M (resp. i2 : Q-M) are embeddings with i 3 i1 ¼ i2 3 i0 then there
exists u : Q-Y \N (resp. u : Q-N) such that u 3 i0 is homotopic to i1 and i2 is
homotopic to i 3 u:
In the ﬁrst case we use Lemmas 2.2 and 2.3 to obtain i˜2 : P-X \M near i2 and of
the from i˜2 ¼ i 3 u; for u : P-Y \N; proving the ﬁrst claim.
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Consider a closed tubular neighborhood of M in X : If i2 : Q-M is an embedding
then the pull-back of the tubular neighborhood is a bundle P-Q: We have a smooth
M-proper embedding also called i2 : P-X where P is a compact manifold with
boundary; the dimension of P is r þ k where k is the codimension of M and r is the
dimension of Q: Use this construction in the second case to deﬁne P; again use both
lemmas to obtain i˜2 :P-X near i2; a smooth M-proper embedding of the form i˜2 ¼
i 3 u1; where u1 : P-Y a smooth N-proper embedding. The homotopy and the function
y constructed in Lemma 2.2 now obtain u : Q-Y and the desired homotopies. &
3. Global changes of variable
In this section we prove Theorem 3. We will write H for the inﬁnite-dimensional
separable real Hilbert space and we call a H-manifold (resp. H-manifold with
boundary) a Hausdorff paracompact smooth manifold with local model H (resp.
H ½0;þNÞ).
Proposition 3.1. Suppose f : ðV ; @VÞ-ðW ; @WÞ is a homotopy equivalence between
two smooth H-manifolds with boundary
1. There exists a diffeomorphism h : ðV ; @VÞ-ðW ; @WÞ so that h and f are homo-
topic maps of pairs.
2. If h@ : @V-@W is a diffeomorphism homotopic (resp. equal) to f @ ¼ f j@V : @V
-@W ; then one can extend h@ to a diffeomorphism h : ðV ; @VÞ- ðW ; @WÞ
homotopic (resp. relative homotopic) to f :
Here, an H-manifold is modeled on the separable inﬁnite-dimensional real Hilbert
space.
The proof of Proposition 3.1 is based on the following known results on Hilbert
manifolds.
Fact 1 (Burghelea and Kuiper [3] and Burghelea [4]). If f : M-N is a homotopy
equivalence between two H-manifolds, there exists h :M-N; a diffeomorphism which
is homotopic to f :
An isotopy between diffeomorphisms h0; h1 : M-N is a diffeomorphism h :R
M-R N taking ðt;mÞ to a point of the form hðt;mÞ ¼ ðt; htðmÞÞ so that ht ¼ h0 if
tp0 and ht ¼ h1 if tX1:
Fact 2 (Burghelea [4]). Homotopic diffeomorphisms h0; h1 : M-N between H-
manifolds are isotopic.
Fact 3 (Burghelea and Kuiper [5]; Elworthy [7]). Given two homotopic closed
embeddings of infinite codimension ci : V-M; i ¼ 0; 1; with V and M H-manifolds,
there exists an isotopy of diffeomorphisms h :R M-R M such that ht is the
identity for tp0; ht is constant for tX1 and h1 3 c0 ¼ c1:
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Let M be an H-manifold and VCM be a closed H-submanifold. As in
Section 2 deﬁne a closed tubular neighborhood of V to be a zero-codimensional
smooth embedding f : DðxÞ-M; where DðxÞ is the closed unit disk bundle
of a smooth vector bundle with the same properties (1)–(3) as before. Now,
the ﬁber of x is isomorphic to Rk if the codimension of V in M is k and H if the
codimension is inﬁnite. If the ﬁber is isomorphic to H then DðxÞ is necessarily a
trivial bundle since the linear group of invertible bounded operators on H is
contractible [8].
Fact 4 (Burghelea and Kuiper [5]). Let VCM as above and fi :DðxÞ-M; i ¼ 0; 1;
be two closed tubular neighborhoods. Then there exists an isotopy of diffeomorphisms
h :R M-R M such that ht is the identity for tp0; ht is constant for tX1;
h1 3 f0 ¼ f1 3 y; y : DðxÞ-DðxÞ a (vector) bundle isomorphism which can be taken to
be identity when the fiber of x is H and h1jV is the identity.
The hypothesis of ﬁnite codimension implies K1 and K2 of inﬁnite dimension. A
similar conclusion remains true for K1 and K2 of inﬁnite dimension and inﬁnite
codimension, and the proof in this case is a straightforward consequence of results
in [4,5].
Proof of Proposition 3.1. Let V0 ¼ V and V1 ¼ W : Set Ki; i ¼ 0; 1; to be H-
manifolds diffeomorphic to @Vi via diffeomorphisms ci : @Vi-Ki: Let Bi ¼ Ki 
DN and K0i ¼ Ki  f0gCBi: By Fact 1, there exists diffeomorphisms yi : @Vi-Ki 
SN; such that yi is homotopic to the map *ci taking vA@Vi to ðciðvÞ; xÞAKi  SN;
where x is an arbitrary but ﬁxed element in SN: Also, deﬁne the smooth H-
manifolds V˜i ¼ Vi,yi Bi:
V = V
V
K
V
BK  S =  B 
ψ ψ θ
∼
∼
00
0
0 0 0
00 0 0
8
V = V
V
K
V
BK  S =  B 
ψ ψ θ
∼
∼
11
1
1 1
1 1 1 1
1
8
The inclusions ðV˜i;K0i Þ+ðV˜i;BiÞ and ðVi; @ViÞ+ðV˜i;BiÞ are homotopy
equivalences of pairs. Also, by hypothesis, f : ðV0; @V0Þ-ðV1; @V1Þ is a homotopy
equivalence of pairs. Hence, there exists f˜ : ðV˜0;K00 Þ-ðV˜1;K01 Þ which makes
the diagram below homotopy commutative. From Fact 1, let f˜0 : V˜0-V˜1 be a
diffeomorphism which is homotopic to f˜: Notice that the behavior of f˜0 at K00
or @V0 is not controlled. Let c : K0 ¼ K00-K1 ¼ K01 be a diffeomorphism homotopic
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to f˜jK0
0
: Notice that f j@V0 : @V0-@V1 is homotopic to both c11 3 c 3 c0 and to
y11 3 ðc idÞ 3 y0:
(V ,   V )
V
K
(V ,   V )
V
K
~~
~ ~
~~
(V ,K ) (V ,K )
f
f
f
l
~
~
0 0
0 0
0
0
0
0 0
0
1 1
1
(V ,B )1 1(V ,B )0 0
1
1
1
~f
K| 00
’
Let c0 : K0-V˜1 be the composition of c with the inclusion K1 ¼ K01CV˜1: Also, let
c1 :K0 ¼ K00-V˜1 be the restriction of f˜0 to K00 : Notice that both maps embed K0 in
V˜1 as an inﬁnite codimensional submanifold. By Fact 3, there exists an isotopy
h0 :R V˜1-R V˜1 with h0t ¼ id for tp0; which is independent of t for tX1 and
such that h01 3 c0 ¼ c1: The diffeomorphism f˜00 ¼ ðh01Þ1 3 f˜0 : V˜0-V˜1 is clearly
homotopic to f˜: Also, f˜00 takes K00 to K
0
1 ; and f˜
00 is then homotopic to f˜ as a map
of pairs, from ðV˜0;K00 Þ to ðV˜1;K01 Þ:
Let f0;f1 : K
0
1  DN-V˜1 be tubular neighborhoods given by f0 ¼
f˜00 3 incl 3 ðc1  idÞ; where incl : K1  DN-V˜1 is the inclusion, and f1 is the
inclusion of B1 in V˜1: By Fact 4, there is an isotopy h
00 :R V˜1-R V˜1 with
h00t ¼ id; for tp0; which is independent of t for tX1 and such that h001 3 f0 ¼ f1:
Finally, let f˜000 ¼ h001 3 f˜00: Clearly, f˜000 restricts to a diffeomorphism of pairs from
ðV0; @V0Þ to ðV1; @V1Þ; homotopic to f : This ﬁnishes item (a).
Item (b) is a straightforward consequence of item (a), Fact 2 and the existence of
collar neighborhoods for the boundary of an H-manifold. &
Before we proceed with the proof of Theorem 3 we describe a construction which
is sometimes referred to as cutting a manifold along a submanifold.
Let ðV ; @VÞ be an H-manifold with boundary. A proper ﬁnite codimension
submanifold is a closed subset KCV such that
1. KCV \@V ;
2. K is a closed, ﬁnite-codimensional smooth submanifold of V \@V :
The normal bundle nK is the quotient TðVÞjK=TðKÞ:Denote by EðnKÞ the total space
of nK and by SðnKÞ the corresponding sphere bundle ðEðnKÞ\KÞ=Rþ; where Rþ acts
on EðnKÞ\K by multiplication. Also, denote by DðnKÞ the ﬁberwise compactiﬁcation
of EðnKÞ obtained by adding a point at inﬁnity for each half-line from the origin.
Clearly, DðnKÞ and SðnKÞ are isomorphic to the closed unit disk bundle and to the
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unit sphere bundle of nK provided nK is equipped with a smooth ﬁberwise scalar
product, and we may therefore consider SðnKÞ as the boundary of DðnKÞ:
Let cD : DðnKÞ-V be a closed tubular neighborhood of K : Let cS : SðnKÞ 
½0; 1Þ-V be deﬁned by cSðn; tÞ ¼ cDðtnÞ: The cutting of ðV ; @VÞ along K is
an H-manifold with boundary (actually a bordism) ðV˜; @þV˜; @V˜Þ; together
with a canonical smooth map p : ðV˜; @þV˜; @V˜Þ-ðV ; @VÞ: The manifold V˜ as a
set is the disjoint union of V \K and SðnKÞ; more precisely, V˜ ¼ ðV \KÞ,cS ðSðnKÞ 
½0; 1ÞÞ: Set p to be the identity on V \K and equal to the bundle projection
SðnKÞ-K on K : From Fact 4, the smooth structure thus deﬁned on V˜ actually does
not depend on the choice of tubular neighborhood y: Now take @þV˜ ¼ @V and
@V˜ ¼ SðnKÞ:
Consider Vˇ ¼ V˜,DðnKÞ; obtained by identifying @V˜ and @DðnKÞ; both
equal to SðnKÞ: The pair ðVˇ; @Vˇ ¼ @þV˜Þ is a smooth H-manifold with boundary
and KCDðnKÞCVˇ is a proper smooth embedding of ﬁnite codimension. There
exists a well-deﬁned class of thickening diffeomorphisms (all isotopic) $y :
ðVˇ; @þVˇ;KÞ-ðV ; @V ;KÞ so that the restriction of $y to K is the identity.
The constructions above are functorial in the following sense. Let
f : ðV1; @V1;K1Þ-ðV2; @V2;K2Þ
be a smooth map so that f is transversal to K2 and K1 ¼ f 1ðK2Þ: Such a map
induces a map f˜ : ðV˜1; @þV˜1; @V˜1Þ-ðV˜2; @þV˜2; @V˜2Þ and bundle maps
DðnK1Þ-DðnK2Þ sending SðnK1Þ into SðnK2Þ: The restriction of f˜ to @V˜1 is the
induced bundle map from SðnK1Þ to SðnK2Þ; on each ﬁber, this map is projective (i.e.,
f˜ restricted to @V˜1 comes from a vector bundle map EðnK1Þ-EðnK2Þ). Such maps f
will be called morphisms. We consider morphisms f : ðV1; @V1;K1Þ-ðV2; @V2;K2Þ
with the additional property that the maps f : V1-V2; f : @V1-@V2; f : K1-K2;
f : V1\K1-V2\K2 are all homotopy equivalences. This clearly implies that
f˜ : ðV˜1; @þV˜1; @V˜1Þ-ðV˜2; @þV˜2; @V˜2Þ is a homotopy equivalence of triples.
Proof of Theorem 3. Start with f : ðV1; @V1;K1Þ-ðV2; @V2;K2Þ which induces the
homotopy equivalence f˜ : ðV˜1; @þV˜1; @V˜1Þ-ðV˜2; @þV˜2; @V˜2Þ and the bundle map
Dðf Þ : DðnK1Þ-DðnK2Þ: Notice that the restriction f K ¼ f jK1 is a homotopy
equivalence, and therefore so is Dðf Þ:
By Fact 1, f K is homotopic to a diffeomorphism hK : K1-K2 by a homotopy f
K
t ;
where f K0 ¼ f K and f K1 ¼ hK : Since f K comes from a bundle map Dðf Þ; the
homotopy f Kt lifts to a homotopy of bundle maps Dðf Kt Þ; and since Dðf K1 Þ induces on
the base a diffeomorphism hK ; Dðf K1 Þ itself is a diffeomorphism.
This shows that f˜ is a homotopy equivalence between @V˜1 and @V˜2; and
therefore a homotopy equivalence between the boundaries of V˜1 and V˜2: We may
then apply Proposition 3.1 to obtain a homotopic diffeomorphism h˜ between the
triples. Also, the restriction of Dðf K1 Þ to SðnK1Þ ¼ @V˜1 is a diffeomorphism
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homotopic to the restriction of h˜: By Fact 2, there exists an isotopy between these
two diffeomorphisms, and we may therefore glue them in order to obtain the desired
diffeomorphism. &
Corollary 3.2. Let X and Y be a separable Hilbert spaces and i : Y-X an injective
bounded linear map with dense image. If M is a finite-codimensional closed submanifold
of X then N ¼ i1ðMÞ is a finite codimensional closed submanifold of Y and there
exists a diffeomorphism h : ðY ;NÞ-ðX ;MÞ homotopic to i : ðY ;NÞ-ðX ;MÞ:
Proof. From Theorem 2, i : Y \N-X \M and i : ðY ;NÞ-ðX ;MÞ are homotopy
equivalences. We now apply Theorem 3 with V1 ¼ Y and V2 ¼ X ; @V1 ¼ @V2 ¼ |;
K2 ¼ M; K1 ¼ N and f ¼ i: &
4. Constructing the homotopy
Let X ¼ C0Dð½0; pÞ; Y ¼ H20 ð½0; pÞ and Z ¼ L2ð½0; pÞ: Consider the operator
F : Y-Z;
u/ u00 þ f ðuÞ
with derivative at u given by
DFðuÞ : Y-Z;
w/ w00 þ f 0ðuÞw
We recall some facts from the theory of second-order differential equations [6].
Given uAY ; let vðu; Þ be the solution in ½0; p of
v00ðu; tÞ þ f 0ðuðtÞÞvðu; tÞ ¼ 0; vðu; 0Þ ¼ 0; v0ðu; 0Þ ¼ 1:
The characterization of critical points of F follows from standard Fredholm theory
of Sturm–Liouville operators: u is in C if and only if the kernel of DFðuÞ is
nontrivial. Thus, a point u belongs to the critical set C of F if and only if vðu; pÞ ¼ 0;
in this case, by the simplicity of the spectrum of DFðuÞ; ker DFðuÞ is spanned by
vðu; Þ:
Let o : Y  ½0; p-R be the continuously deﬁned argument of ðv0ðu; tÞ; vðu; tÞÞ;
with oðu; 0Þ ¼ 0: One can show that u is critical if and only if oðu; pÞ ¼ mp; for
mAZ; moreover, m has to be positive since oðu; tÞ > 0 for all t > 0: Let
Cm ¼ fuAY joðu; pÞ ¼ mpg: the critical set C of F is the (disjoint) union of Cm;
mANn: A standard computation shows that, for any given t; oðu; tÞ is smooth as a
function of uAY and we have
@
@u
oðu; tÞj ¼  1ðvðu; tÞÞ2 þ ðv0ðu; tÞÞ2
Z t
0
f 00ðuðsÞÞjðsÞðvðu; sÞÞ2 ds;
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where @@uoðu; tÞ denotes the differential of oð; tÞ : Y-R and @@uoðu; tÞj the value of
this differential on the element jAY : Let f be appropriate: using the formula above
one can see that mp is a regular value for the real-valued function oð; pÞ; and
therefore the sets Cm are either empty or smooth manifolds of codimension 1.
When considering a given Cm we use the more convenient m-argument at u:
om : Y  ½0; p-R is the argument of ðv0;mvÞ; i.e., it satisﬁes
v0ðu; tÞtanðomðu; tÞÞ ¼ mvðu; tÞ; omðu; 0Þ ¼ 0:
It is easy to see that mp is a regular value of om; as it is of o: The advantage of this
deﬁnition is that if f 0ðuðtÞÞ ¼ m2 for t in some interval then omðu; Þ is a linear map
of slope m in this interval.
We will later consider local m-arguments. More precisely, given u we solve the
differential equation
#v00 þ f 0ðuÞ#v ¼ 0; #vðt0Þ ¼ a0; #v0ðt0Þ ¼ b0
and set #omðtÞ to be the argument of ð#v0;m#vÞ: The notation #omðu; tÞ leaves unspeciﬁed
the values of t0; a0 and b0: these values will always be speciﬁed in the context.
We list some properties relating u and om; most of which are simple or standard.
The obvious adaptations to #om will be frequently left to the reader.
Lemma 4.1. The m-argument om satisfies
o0mðu; tÞ ¼ m 
m2 þ f 0ðuðtÞÞ
m
sin2ðomðu; tÞÞ; omðu; 0Þ ¼ 0 ð*Þ
(here o0mðu; tÞ ¼ ddtomðu; tÞ);
(a) o0mðu; tÞ ¼ m if and only if either omðu; tÞ ¼ jp; jAZ; or f 0ðuðtÞÞ ¼ m2;
(b) if f 0ðuðtÞÞo m2 (resp., f 0ðuðtÞÞ > m2) then o0mðu; tÞXm (resp., o0mðu; tÞpm);
(c) the differential equation ð*Þ defines omð; pÞ as a smooth function on C0ð½0; pÞ
which is L1-continuous on bounded sets;
(d) for any given t; the differential equation ð*Þ implies that
@
@u
omðu; tÞj ¼  mðmvðu; tÞÞ2 þ ðv0ðu; tÞÞ2
Z t
0
f 00ðuðsÞÞjðsÞðvðu; sÞÞ2 ds;
(e) if u is smooth and not flat at t0; f
00ðuðt0ÞÞa0 and o0mðu; t0Þ ¼ m then o0mðu; Þ is not
flat at t0:
Item (c) of this result entitles us to deﬁne the extension *om : X-R and implies that
the maps o and om can be extended to smooth maps on X and one can consider the
codimension one smooth manifolds C˜m ¼ fuAX joðu;pÞ ¼ mpg: From Corollary
3.2, the inclusion i : ðY ;CmÞ-ðX ; C˜mÞ is homotopic to a homeomorphism. From
D. Burghelea et al. / J. Differential Equations 188 (2003) 569–590580
now on we drop the tilde both on C˜m and *om: thus, our basic functional space will be
X ¼ C0Dð½0; pÞ:
Recall that a smooth function z :R-R is flat at t0 if its Taylor expansion at t0 is
constant.
Proof of Lemma 4.1. We only prove the last item. Assume by contradiction that
o0mðu; Þ is ﬂat at t0: Since f 00ðuðt0ÞÞa0; the function f 0 3 u is not ﬂat at t0: In the
differential equation
o0mðu; tÞ  m ¼ 
m2 þ f 0ðuðtÞÞ
m
sin2ðomðu; tÞÞ;
the left-hand side is zero and ﬂat at t0 and the right-hand side is a product of two
nonﬂat functions. Thus, the formal Taylor series around t0 of the left-hand side is
identically zero, whereas the corresponding series for the right-hand side is
nonzero. &
Lemma 4.1 shows how to obtain omðu; Þ directly from u; without referring to
vðu; Þ: More generally, we deﬁne the local m-argument #om by the equation
#o0mðu; tÞ ¼ m 
m2 þ f 0ðuðtÞÞ
m
sin2ð #omðu; tÞÞ; #omðu; t0Þ ¼ y0;
where tanðy0Þ ¼ ma0=b0:
Proposition 4.2. Let f be appropriate; then Cma| if and only if the number m2
belongs to the interior of the image of f 0:
Notice that the proposition makes no claim concerning connectedness or any
other topological property of Cm:
Proof. Assume that m2Aintðf 0ðRÞÞ: for some e > 0 there exist x; xþAR with
f 0ðx7Þ ¼ m28e: Consider two families of functions u;s; uþ;s in C00ð½0; pÞ which are
uniformly C0 bounded and L1 converge to the constants x; xþ when s tends to 0.
From item (c) of Lemma 4.1, for some sufﬁciently small s0 we have omðu;s0 ; pÞo
m2; omðuþ;s0 ; pÞ > m2: By continuity, some u in the line segment from u;s0 to uþ;s0
belongs to Cm:
To prove the converse, assume ﬁrst f 0ð0Þ ¼ m2: from the deﬁnition of
appropriateness we must then have f 00ð0Þa0 and then clearly m2Aintðf 0ðRÞÞ:
Assume instead f 0ð0Þa m2; say f 0ð0Þ > m2; and let uACm: For t near 0 or p we
have f 0ðuðtÞÞ > m2 and from Lemma 4.1 o0mðu; tÞom for such ta0; p:We must
then have o0mðu; tþÞ > m for some tþA½0; p: Thus f 0ðuðtþÞÞo m2 and the result
follows. &
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We present a rough sketch of the construction of the deformation within Cm of a
family of functions u to a ﬁnal point u
*
; as claimed in Proposition 1.1. Actually,
from Theorem 2, it sufﬁces that this deformation be continuous in the C0 norm
instead of the H2 norm. A natural candidate for u
*
would be a constant function
equal to an arbitrary xm where f
0ðxmÞ ¼ m2: in this case, omðu; tÞ ¼ mt:
Unfortunately, this function does not satisfy the Dirichlet boundary conditions:
given the family of functions u to be deformed, we construct a ﬁxed u
*
ACm which is
constant equal to xm in a large interval ½a; p a:
Consider now the m-argument of a given uACm: omðu; Þ is a continuous function
from ½0; p to ½0;mp: These two graphs are shown in Fig. 1; in this example m ¼ 2:
The graphs of the constant functions u ¼ xm and omðu; tÞ ¼ tm are indicated by
dotted lines. The idea, to be formalized and implemented in step 4 of the proof, is for
the homotopy to squeeze the graph of om between parallel walls advancing towards
the line y ¼ mt; as shown in Fig. 2. A corresponding u is obtained by changing its
original value in the region of the domain over which the graph of om has been
squeezed—there, the new value of u is xm: Notice that, in principle, the value of
omðu; pÞ ¼ mp for this new u but such u is discontinuous. We must therefore make
amends: for a ﬁxed tolerance tol; the region where the graph of om trespasses the
wall by more than tol is taken to xm and in the region where the graph of om lies
strictly between the walls, u is unchanged. Hence, there is an open region in the
domain where u assumes rather arbitrary values in order to preserve its continuity.
Steps 2 and 3 guarantee that this open region is uniformly small (for u in the
deformed loop): in particular, we have to fudge u so that the graph of omðu; Þ does
not include segments parallel to y ¼ mt: This symmetry breaking is achieved by
replacing u by appropriate polynomial approximations. At the end of step 4, we have
functions which are equal to xm in a substantial amount of the domain: the straight
Fig. 1. Graph of original u and om:
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line segments joining them to u
*
can be deformed onto Cm thus accomplishing the
last step of the deformation.
Lemma 4.3. Given uAC0D; omðu; Þ is a C1 function with o0mðu; t0Þ ¼ m and o00mðu; t0Þ ¼
0 whenever omðu; t0Þ ¼ jp; jAZ: Furthermore, given u0AR with f 00ðu0Þa0 and a C1
function w : ðt0  e; t0 þ eÞ-R with either wðt0Þajp or simultaneously wðt0Þ ¼ jp;
w0ðt0Þ ¼ m; w00ðt0Þ ¼ 0; there exists, for sufficiently small e1oe; a unique continuous
function u : ðt0  e1; t0 þ e1Þ-R with
w0ðtÞ ¼ m  m
2 þ f 0ðuðtÞÞ
m
sin2ðwðtÞÞ; uðt0Þ ¼ u0:
Proof. The fact that omðu; Þ is a C1 function follows directly from the differential
equation in Lemma 4.1. Given t0 with omðu; t0Þ ¼ jp; we have
o00mðu; t0Þ ¼ limt-t0
o0mðu; tÞ  m
t  t0
¼ lim
t-t0
m
2 þ f 0ðuðtÞÞ
m
sin2ðomðu; tÞÞ
t  t0
¼C lim
t-t0
sin2ðomðu; tÞÞ  sin2ðomðu; t0ÞÞ
t  t0 ¼ 0:
Also, the differential equation in u and w may be written as
f 0ðuðtÞÞ ¼ m2 þ m m  w
0ðtÞ
sin2ðwðtÞÞ:
Fig. 2. Graph of u and om at some point during step 4.
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The right-hand side is clearly continuous even when wðtÞ ¼ jp which allows for
solving in u when f 0 is invertible. &
Thus, for example, for concave or convex nonlinearities f ; changes in omðu; Þ
easily translate back to changes in u: In particular, as mentioned in the introduction,
simpler proofs of Theorem 1 are known under these hypothesis.
A technical difﬁculty in the construction of u
*
(and in many points of the
deformation process) is making sure that u
*
(or a deformed u) belongs to Cm: For
this, we make use of the following Lemma.
Consider two smooth functions u0 : ½0; t0-R and u1 : ½t1; p-R satisfying u0ð0Þ ¼
0 and u1ðpÞ ¼ 0; and consider local m-arguments omðu0; tÞ and omðu1; tÞ starting
respectively from 0 at t ¼ 0 and mp at t ¼ p: Under the hypothesis of the lemma
below, we may solder these two chunks in a speciﬁc, smoothly deﬁned way, to obtain
a smooth function u : ½0; p-R belonging to Cm (i.e., so that omðu; pÞ ¼ mpÞ:
Lemma 4.4. Let 0ot0ot1op be real numbers such that sinðmtÞa0 for all tA½t0; t1:
For sufficiently small e > 0 there exists a smooth function
Xt0;t1 : ðe; eÞ  ðe; eÞ  ½t0; t1-R
with the following properties:
(a) Xt0;t1ðh0; h1; t0Þ ¼ Xt0;t1ðh0; h1; t1Þ ¼ xm for all h0; h1Aðe; eÞ and flat at these
points;
(b) if #omðXt0;t1ðh0; h1; Þ; tÞ is defined with initial condition #omðXt0;t1ðh0; h1; Þ; t0Þ ¼
mt0 þ h0 then #omðXt0;t1ðh0; h1; Þ; t1Þ ¼ mt1 þ h1;
(c) Xt0;t1ðh; h; tÞ ¼ xm for all hAðe; eÞ; tA½t0; t1:
Proof. Take e > 0 such that sinðmtÞa0 for all tA½t0  e=m; t1 þ e=m: Let
x : ½t0; t1-½0; 1 be a smooth bijection with xðt0Þ ¼ 0; xðt1Þ ¼ 1 which is ﬂat at
these endpoints. Let
wh0;h1ðtÞ ¼ mt þ h0 þ ðh1  h0ÞxðtÞ;
we are ready to apply Lemma 4.3 in order to deﬁne Xt0;t1 with
#omðXt0;t1ðh0; h1; Þ; tÞ ¼ wh0;h1ðtÞ: &
The lemma below will be used in step 4 of the proof of Proposition 1.1.
Lemma 4.5. Let g :Sk  ½0; p-R be a smooth function. Suppose there exists e > 0
such that for any d > 0 there exists ydAR and ydAS
k such that mðAdÞ > e; where
Ad ¼ ftA½0; p j gðyd; tÞA½yd; yd þ dg:
Then there exists a point ðy0; t0ÞASk  ½0; p for which the function gðy0; Þ is flat at t0:
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Proof. Let ðy0; y0Þ be an accumulation point of the sequence ðyan ; yanÞ where
lim an ¼ 0; without loss of generality we may suppose that ðy0; y0Þ is the limit of this
sequence. Let
A0 ¼ lim sup
n
Aan ¼
\
n
[
iXn
Ai;
from
m lim sup
n
Aan
 
X lim sup
n
mðAanÞ
(a corollary of Fatou’s lemma) we have mðA0ÞXe: On the other hand, from
continuity, gðy0; tÞ ¼ y0 for tAA0: Thus, any nonisolated point t0AA0 is a ﬂat point
for gðy0; Þ: &
Proof of Proposition 1.1. Path connectedness of Cm (i.e., the case k ¼ 0; for which
pkðCmÞ has no group structure) will be discussed simultaneously to the veriﬁcation of
the triviality of the homotopy groups of Cm: Keeping with the notation of the
previous section, let f : X-R; fðuÞ ¼ omðu; pÞ  mp; MY ¼ Cm and MX ¼
f1ðf0gÞDX : As shown in the previous section, it sufﬁces, given a Y -continuous
(i.e., H2-continuous) g : Sk-MY ; to construct a X -continuous (i.e., C0-continuous)
G :Bkþ1-MX with GjSk¼@Bkþ1 ¼ g:
We set a more convenient notation: let Akþ1 be the annulus Sk  ½0; p
and Uð0Þ : Akþ1-R be the initial map deﬁned by Uð0Þðy; tÞ ¼ ðgðyÞÞðtÞ: We
want to construct a continuous function U : ½0; 5  Akþ1-R with the following
properties:
(i) the values at f0g  Akþ1 are given by the initial map Uð0Þ;
(ii) for any sA½0; 5 and yASk; Uðs; y; ÞAMXDC00ð½0; pÞ; i.e., Uðs; y; 0Þ ¼
Uðs; y; pÞ ¼ 0 and omðUðs; y; Þ; pÞ ¼ mp;
(iii) for s ¼ 5 the function U is constant in y; i.e., for any y0; y1ASk and tA½0; p;
Uð5; y0; tÞ ¼ Uð5; y1; tÞ:
We then have
GðryÞðtÞ ¼ Uð5; y; tÞ if rp1=2;
Uð10ð1 rÞ; y; tÞ if rX1=2:
(
Step 1: We search for convenient vectors jðy; Þ in Y along which the derivative
 mðv0ðUð0; y; Þ; pÞÞ2
Z p
0
f 00ðUð0; y; sÞÞjðy; sÞðvðUð0; y; Þ; sÞÞ2 ds
of omðUð0; y; Þ; pÞ is positive (see Lemma 4.1(d)). Let bd : ½0; p-½0; 1 be a smooth
bump equal to zero in ½0; dÞ,ðp d; p and equal to one in ð2d; p 2dÞ; this family
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of bumps may be constructed to be L1-continuous in d: Clearly, the choice jðy; tÞ ¼
bdðtÞf 00ðUð0; y; tÞÞ yields a positive derivative for d ¼ 0 and therefore, by
continuity, also for some positive d0 (independent of y). Furthermore, the
smoothness in u of omðu; pÞ guarantees that there exists e > 0 such that
@
@t
omðUð0; y; Þ þ tjðy; Þ; pÞ > e
at any point ðy; tÞ with jtjoe:
We now want to deform each u so that the modiﬁed u’s are constant equal to xm
on small intervals near t ¼ 0 and t ¼ p: More precisely, we will deﬁne small positive
real numbers 0od25d1 and construct U for 0psp1 so that
(i) for d2ptpd1 and p d1ptpp d2 we have Uð1; y; tÞ ¼ xm;
(ii) for tod2 and t > p d2; Uð1; y; tÞ does not depend on y and satisﬁes
jUð1; y; tÞjpjxmj;
(iii) for any sA½0; 1; and any yASk we have omðUðs; y; Þ; pÞ ¼ mp; i.e.,
Uðs; y; ÞACm:
In particular, from (i), in the interval d2ptpd1 (or p d1ptpp d2) the graph of
omðUð1; y; Þ; tÞ is a straight segment of slope m: We claim that for any sufﬁciently
small d1 and d2 with d2od1 this construction can be accomplished. Indeed, for
sufﬁciently small d1od0=2 we can uniquely deﬁne x : ½0; 1  Sk  ½0; p-ðe; eÞ
such that
Uðs; y; tÞ ¼ ð1 s þ sbd1ðtÞÞUð0; y; tÞ þ sðbd2=2  bd1ÞðtÞxm þ xðs; y; tÞjðy; tÞ
satisﬁes Uðs; y; ÞACm for all sA½0; 1 and yASk (here d0; e; j and b are as
deﬁned in the previous paragraph). The above formula for U admits the following
geometric interpretation. The ﬁrst two terms of the right-hand side parametrize in s a
straight line segment from the original u to a modiﬁed function satisfying items (i)
and (ii). The third term takes care of item (iii) provided the L1 distance between u
and the modiﬁed function is so small that their m-arguments om at p differ from less
than e:
Step 2: Let Z > 0 be a small number to be speciﬁed later. We now deﬁne U for
1psp2 so that there exist positive numbers d02od01od00op=m such that
(i) for tA½d02; d01,½p d01; p d02 we have Uð2; y; tÞ ¼ xm and omðUð2; y; Þ; tÞ ¼
mt;
(ii) for any y; Uð2; y; p d00Þ ¼ xm and omðUð2; y; Þ; p d00ÞÞ ¼ mðp d00Þ þ Z;
(iii) for tA½0; d01,½p d00; p; Uð2; y; tÞ does not depend on y;
(iv) for any sA½1; 2; and any yASk; we have Uðs; y; ÞACm:
To do this, assume that d1op=m and d2od1=4 and let d02 ¼ d1=2; d01 ¼ 3d1=4; d00 ¼
7d1=8: The L1-continuity of the m-argument (Lemma 4.1) entails that both h ¼
md1=4 omðUð1; y; Þ; d1=4Þ and hþ ¼ mðp d1=4Þ  omðUð1; y; Þ; p d1=4Þ can be
taken to be arbitrarily small by choosing d2 small. Now solder the six chunks: for
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sA½1; 2 set
Uðs; y; tÞ ¼
Xd1=4;d02ðh; hðsÞ; tÞ if d1=4otod
0
2;
Xd01;d1ðhðsÞ; h; tÞ if d
0
1otod1;
Xpd1;pd00ðhþ; h0þðsÞ; tÞ if p d1otop d
0
0;
Xpd00;pd01ðh0þ; h1þðsÞ; tÞ if p d
0
0otop d01;
Xpd02;pd1=4ðh1þðsÞ; hþ; tÞ if p d
0
2otop d1=4;
Uð1=4; y; tÞ otherwise;
8>>>>><
>>>>>>:
where hðsÞ ¼ ð2 sÞh; h0þðsÞ ¼ Zþ ð2 sÞðhþ  ZÞ and h1þðsÞ ¼ ð2 sÞhþ: The
number Z is chosen to be any positive number sufﬁciently small to permit soldering.
See Fig. 3 for a sketch of the graph of Uð2; y; Þ and omðUð2; y; Þ; tÞ:
We are now ready to describe u
*
:
u
*
ðtÞ ¼ Uð2; y; tÞ for tA½0; d
0
1,½p d01; p;
xm for tA½d02; p d02:
(
Notice that the value of y in the deﬁnition above is immaterial, from property (iii).
Moreover, the homotopy from now on will not change the values of the functions
Uðs; y; Þ near the endpoints: we shall have Uðs; y; tÞ ¼ u
*
ðtÞ for all sX2;
tA½0; d02,½p d02; p and yASk: The construction of u* is dependent on the original
map g : Sk-MY : still, path connectivity of Cm follows from the same homotopy
being described when applied to an original map g; with k ¼ 0:
Fig. 3. Graphs of u and om at the end of step 2.
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Step 3: Continuing with the preparations, we change u’s in the central interval
½d01; p d00 so that there they become polynomials in the variables y and t: More
precisely, for some polynomial function P :Rkþ2-R (with properties to be speciﬁed
below) and for sA½2; 3; set
Uðs; y; tÞ ¼
ðs  2ÞUð2; y; tÞ þ ð3 sÞPðy; tÞ for tA½d01; p d00;
Xpd01;pd02ðhðs; yÞ; 0; tÞ for tA½p d
0
1; p d02;
u
*
ðtÞ otherwise;
8><
>:
where hðs; yÞ ¼ omðUðs; y; Þ; p d01Þ  mðp d01Þ: In order for this function U to be
continuous we must choose P with Pðy; d01Þ ¼ Pðy; p d00Þ ¼ xm: Lemma 4.4 applies
if we require hðs; yÞAðZ=2; 3Z=2Þ for all s and y: this is accomplished from Lemma 4.1
by choosing Pðy; tÞ uniformly close to Uð2; y; tÞ in the interval ½d01; p d00 (as we
may, from the Stone–Weierstrass theorem).
Step 4: Let
A ¼ ½3; 4  Sk  ½d01; p d01
and consider the partition
AI ¼ fðs; y; tÞAA j  ð4 sÞmppomðUðs; y; Þ; tÞ  mtpð4 sÞmpg;
AS ¼fðs; y; tÞAA j  ð4 sÞmp tolX omðUðs; y; Þ; tÞ  mt
or omðUðs; y; Þ; tÞ  mtXð4 sÞmpþ tolg;
AT ¼ A  ðAI,ASÞ
(here the letters I ;S and T stand for invariant, squeezed and Tietze). For ðs; y; tÞAA;
set
Uðs; y; tÞ ¼ Uð3; y; tÞ for ðs; y; tÞAAI ;
xm for ðs; y; tÞAAS;
(
and now apply the Tietze extension theorem to deﬁne U on AT so that U is
continuous in A: Set Uðs; y; tÞ ¼ u
*
ðtÞ for tA½0; d01,½p d02; p and apply solder in
the interval ½p d01; p d02; i.e., set
Uðs; y; tÞ ¼ Xpd01;pd02ðomðUðs; y; Þ; p d
0
1Þ; 0; tÞ:
We are left to show that under this construction, for sufﬁciently small tol; solder is
applicable, i.e., omðUðs; y; Þ; p d01Þ can be taken as small as desired.
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We ﬁrst prove that given e > 0 there exists tol > 0 such that for any s0 and y0 the
Lebesgue measure of
AT ;s0;y0 ¼ ftA½0; p j ðs0; y0; tÞAATg
is smaller than e: First consider AT ;s0;y0-½p d00; p d01: in this interval,
omðUð3; y0; Þ; tÞ  mt is strictly decreasing and does not depend on y0: Thus, for
sufﬁciently small tol we may assume mðAT ;s0;y0-½p d00; p d01Þoe=2: Next consider
AT ;s0;y0-½d01; p d00: Suppose by contradiction that for a ﬁxed e > 0 and for all
tol > 0 we have
mðAT ;s0;y0-½d01; p d00Þ > e=2:
From Lemma 4.5, o0mðUð3; y0; Þ; tÞ is ﬂat in t ¼ t0 for some y0ASk: Now, making
use of the last item of Lemma 4.1, Uð3; y0; tÞ is ﬂat in t ¼ t0; contradicting its
polynomiality.
Step 5: At this point of the construction the loop Uð4; y; tÞ is L1 close to the
constant loop u
*
: Indeed, consider Uð3; y; tÞ: this function of y and t is C0-bounded
by some constant C: Given e1 > 0 we can choose tol in step 4 in such a way that, for
all y;
1. jUð4; y; Þ  u
*
jC0o2C þ 1;
2. jUð4; y; Þ  u
*
jL1oe1:
The ﬁrst follows from compactness of the set of parameters for the function X
employed in the soldering in step 4. The second follows from choosing tol such that
AT has measure less than e1=ð4C þ 2Þ (as discussed in step 4).
We may now take a family in y of straight lines joining Uð4; y; tÞ to Uð5; y; tÞ ¼
u
*
: More formally, let
Uðs; y; tÞ ¼
Xpd01;pd02ðhðs; yÞ; 0; tÞ for tA½p d
0
1; p d02;
ð5 sÞUð4; y; tÞ þ ðs  4Þu
*
ðtÞ otherwise;
(
where, again, hðs; yÞ ¼ omðUðs; y; Þ; p d01Þ  mðp d01Þ: The fact that
Uðs; y; p d01Þ  mðp d01Þ is appropriately small follows from Lemma 4.1,
item (c). &
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